RESTRICTING SLE(8/3) TO AN ANNULUS 



ROBERT 0. BAUER 

Abstract. We study the probability that chordal SLE 8 / 3 in the 
unit disk from exp(ia;) to 1 avoids the disk of radius q centered at 
zero. We find the initial/boundary- value problem satisfied by this 
probability as a function of x and a = lng, and show that asymp- 
totically as q tends to one this probability decays like exp(— cxj (1 — 
q)) with c = 5ir/8 for < x < tt. We also give a representation of 
this probability as a multiplicative functional of a Legendre pro- 



1. Introduction 

In this paper we study certain hitting probabilities for the chordal 
Schramm-Loewner evolution with parameter k = 8/3 (SLE 8 / 3 ). We 
study this question for SLE 8 / 3 because this process lies in the intersec- 
tion of two important classes of conformally invariant measures. 

On the one hand, we have chordal SLE: these are families of measures 
on non-self-crossing curves 7, indexed by the simply connected domain 
D the curve 7 lives in, and the endpoints z,w of 7 on dD. We can 
think of 7 as a random interface separating two different materials on 
D. If Pd,z->w denotes the law of the curve 7 in D from z to w, then 
the family {Pd,z->w} is a Schramm-Loewner evolution if members of 
the family are related by 

(1) conformal invariance: if / is a conformal map from D to D' 
sending z, w to z', w', then / o Pd, z ~>w = Pd 1 \z'-+u>'\ 

(2) domain Markovianity: if 7 has law P[) tZ ^ w , z' is an interior point 
of 7, and we condition on the segment 7' of 7 from z to z', then the 
remaining segment of 7, from z' to w, has law Pmy y-^; 

and if, for the particular case where D is the upper half-plane H, 
z = 0, w = 00, the law of 7 is symmetric with respect to the imaginary 
axis. Suppose {Pd,z^w} is such a family. Using Lowner's theory of 
slit mappings [21], Schramm showed that if t e [0, 00) 1— > j t £ EI is 
correctly parameterized, 70 = 0, D t denotes the unbounded compo- 
nent of Hf\7(0, i], and gt : D t — » H is conformal with 'hydrodynamic' 
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normalization at infinity 

lim g t (z) - z = 0, 

then, under Pe,o-^oo, 9t(lt) — \f^B t for a standard 1- dimensional Brow- 
nian motion {B t : t > 0} starting at zero and a constant k > 0, [26 . 

On the other hand, we have restriction measures. These are again 
families of measures {Pd,z,w} indexed by simply connected domains P 
and two boundary points z, w, but this time describing random, closed, 
simply connected subsets (which we denote also by 7) of P such that 
7 H dD = {z, w}. For example, a simple curve in P from z to w is such 
a set. We dropped the — > in the notation as 7 is a point-set without 
a 'direction.' A family {Pd,z,w} is called a restriction measure if it is 
conformally invariant (as in (1) above), and satisfies the 

(3) restriction property: if 7 has distribution Pd, z ,w, P' C P and 
z, w G dD', then conditional on {7 C D'} the distribution of 7 is 

Pd',z,w 

In the statement of the restriction property it is understood that z 
and w are bounded away from the part of the boundary of P that does 
not belong to dD'. An example of a restriction measure is provided by 
the 'filling' of a Brownian excursion in P from z to w. Restriction is 
a powerful property. If {Pd, z ,w} denotes a restriction measure, and if 
P 2 C Di C P and z, w G dD 2 , then restriction implies in particular 
that 

(1) P D ,zAl c D 2] = P Dl ,zAl C £ 2 }^W{7 C D,}. 

By conformal invariance it is enough to consider the case when D is 
the upper half-plane H, z — 0, and iy = 00. That is, suppose that 
D 2 C -Di C H with 0, 00 G <9-D 2 - Denote $i j2 : -Di,2 — > H the conformal 
map with normalization lini^oo ^\^{z)/z = 1, $1,2(0) = 0. Then we 
can rewrite (JTJ) as 

(2) Pe, 0i oo{7 C D 2 } = P H ,o,oo{7 C $i(P2)}Ph,o,oo{7 C Pi} 

As we can identify a domain with the unique normalized conformal map 
from that domain to H, we may write P($i ;2 ) = Ph,o,oo{7 C Pi, 2 }- In 
particular, (j2J) is equivalent to 

(3) P($ 2 )=P($ 2 o$- 1 )-P($ 1 ), 

that is, P is a homomorphism from the semigroup of conformal maps 
(with composition) to [0, 00) (with multiplication). Lawler, Schramm, 
and Werner showed that this implies the remarkable result that there 
exists an a > such that 



(4) 



P H) o,oc{7 e P} = P($) = $'(or, 
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where D is a simply connected subdomain of HI containing 0, oo as 
boundary points, see ^H]- If 7 is both, an SLE and a restriction mea- 
sure, then 

P H ,o^oo{7 C £>|7[0,*]} = l{7[0,t] C £>}iVwao{7 C 

(5) =l{ 7 [0,t]c J DK(^r, 

where ft,* is the normalized conformal map from gt{D) to H, and Wt = 
yfKB t . The first equality in © is on account of 7 being an SLE, 
the second a consequence of restriction. It follows that h' t (Wt) a is a 
martingale on { 7 [0, t] C -D}. A calculation now shows that this implies 
K — 8/3 and a = 5/8, [15) . The self-avoiding random walk satisfies the 
discrete version of the restriction property and it is conjectured that 
the scaling limit of self-avoiding random walk is SLE 8 / 3 , [20J. 

We now ask what happens if we restrict to domains D C HI with 
'holes,' i.e if D is no longer simply connected. Then there is no homeo- 
morphism from D to HI. Even more, while connectivity classifies topo- 
logical equivalence, it does not classify conformal equivalence. For ex- 
ample, two annuli are conformally equivalent if and only if the ratio 
of outer to inner radius of the former equals that of the latter. In 
other words, there is a conformal parameter, or modulus, which labels 
conformal equivalence classes of doubly connected domains, £Q. 

However, it is easy to extend restriction measures to multiply con- 
nected domains. Suppose {Pd,zw} is a restriction measure as above. If 
D' is finitely connected and z, w points on the same boundary compo- 
nent of D', we define 

(6) P D >, Z>W = Pd, z , w { • |7 C D'}, 

where D D D' is simply connected and z,w G 3D. Restriction for 
simply connected domains implies that Pd',z,w is independent of the 
choice of D, and an inclusion/exclusion argument of Beffara shows 
that then (JHJ) holds for arbitrary finitely connected domains D', D with 
D' C D, z,w e 3D' n 3D, 0. The identity JJ) still holds in this 
more general context but (J2J and (0J) no longer make sense. Thus, 
while we can define restriction measures in multiply connected domains, 
we cannot calculate — or do not have a functional expression for — the 
probability that 7 hits a 'hole.' Finding a functional expression which 
generalizes (j3J to multiply connected domains is the main motivation 
for this paper. 

To begin, we decided to focus on the simplest case, just one hole, 
and address this case for the restriction measure which also is an SLE, 
making SLE-tools available. So suppose 7 is a chordal SLE 8 /3 in the 
unit disk U = {\z\ < 1} from e tx to 1 and A q = {q < \z\ < 1} an 



4 



ROBERT O. BAUER 



annulus. Then 

Aj,e-^l{7 C Ag} 

is a function F of a; and a = lng. In this paper we show that F is C 1 ' 2 , 
find the initial/boundary- value problem to which this function is the 
solution, see Theorem 16.11 and show in Theorem 15.51 that asymptoti- 
cally 



(7) 



F(a, x) 



exp l — — • 



x 



< X < 7T, 



1-9, 

as q y 1. Using this strong decay we obtain a stochastic representation 
for F(a, x) as 

"1 3/4 

1 - 2q 2n + q An 



n=l 



x E 



2g 2n cos x + q 



■in 



exp 



1 y, 2ne 2nb 

n=l 



' 1 — cos nYh 



db , cr < 



in Theorem 15.61 Here F is a Legendre process on [0,27r] starting at x 
at time a < and a is the first time Y hits the boundary. We give an 
alternative expression in terms of Jacobi's ^-function and Weierstrass' 
p- function. 

In j^Zj, Werner also studies the asymptotics of a non- intersection 
probability in annuli as q /* 1, namely the probability, appropriately 
rescaled, that chordal SLE§/3 from "near 1" to 1 in the unit disk stays 
in the annulus A q and goes the long way (around the hole), see |2T1 
Lemma 18]. He finds that that probability decays like exp(— 57T 2 / (4(1 — 
q)). This result can be guessed from (JJJ) as follows. The probability 
that a chordal SLEg/3 from "near 1" to 1 goes around the disk of 
radius q centered at zero is, for q close to 1, approximately the same 
as the probability that a chordal SLE 8 / 3 from 1 to —1 goes around the 
disk of radius q via the upper half-plane, followed by an independent 
SLE 8 /3 from —1 to 1, which goes around the disk of radius q via the 
lower half-plane. Thus the probability Werner calculates should behave 
asymptotically like the square of ((7J) for x = tt, which indeed is the case. 

Concerning the behavior of F(a,x) as q \ a brief analysis of the 
initial/boundary- value problem leads to the conjecture 

1 - cq 2/3 ' 



(9) 



sin' 



x/2, q \ 0, 



for some constant c, see Proposition ^. 21 We give evidence for this con- 
jecture based on an analysis of the partial differential equation solved 
by F(a, x) in the last section. That 1 — F decays like q 2 ^ 3 can actually 
be derived from the known Hausdorff dimension (i.e. 4/3) of SLE 8 / 3 . 
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Our approach rests on the argument of Beffara alluded to above, see 
Lemma HUl and earlier work by Dubedat [9J, as well as [I], where 
the Loewner equation in multiply connected domains is discussed and 
explicit expressions for the change of the conformal parameters under 
Loewner evolution are given. Using Beffara's argument, it is easy to 
see that if D C A q is doubly connected, e lx , 1 G dD, then 

(10) P Aq ^i{l C D} = ^^[h'(enh'(l)f 8 , 

where h is defined in terms of the unique conformal equivalence from D 
to A q i which keeps 1 fixed, e lx is the image of e lx under this equivalence, 
and a' = \nq'. Equation (fTUj) is the generalization of (HJ) for SLE 8 / 3 . 

In 0, Dubedat discusses questions similar to those we discuss here, 
although he considers SLE 6 and 'locality' Zhan [SHj constructs SLE 2 in 
an annulus as the scaling limit of loop-erased random walk, by adapting 
the approach taken by Schramm from simply connected domains to 
doubly connected domains. To do so, he exploits particular properties 
of the discrete walk. It is also clear from our calculations that k = 2 
is special in that some of the martingales mentioned below have a 
particularly simple form in this case. However, we will not pursue this 
here. 

Restriction in multiply connected domains has also been discussed in 
[TU] . and [T7]. In particular, these authors find restriction (local) 
martingales similar to ours. Due to the greater generality, the expres- 
sions these authors find are less explicit and the asymptotics of these 
(local) martingales are not discussed. In the case of connectivity two 
we find here the asymptotics of the restriction martingale, leading to a 
stochastic functional representation of the intersection probability. We 
also give a proof that F is smooth enough to apply Ito's lemma, an 
issue that, to our knowledge, had not been addressed previously. The 
question of smoothness of the intersection probabilities had been raised 
by John Cardy. While it had been expected that the intersection prob- 
ability would be given as the solution to a partial differential equation, 
we are the first to derive it for SLE 8 / 3 . A similar equation has been 
derived in jU] in the percolation case (k = 6), but the smoothness nec- 
essary to apply Ito's formula in that context is not discussed. Finally, 
the limiting behavior of the intersection probability as the annulus be- 
comes thinner and thinner is new, though it is clearly related to the 
estimate obtained in [27|. It fits with a recent calculation of Cardy 
using Coulomb gas methods, jHj- 
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Going from 'locality' to 'restriction' in SLE-type calculations involves 
taking one more derivative, which leads to expressions which are consid- 
erably more expansive. For this reason we begin this paper by chang- 
ing coordinates from the upper half-plane to a half-strip, where elliptic 
functions — the indispensable tool of function theory in annuli — have 
their simplest expression. In Section |3] we use elliptic functions to de- 
scribe Loewner evolution in an annulus. In Section 0] we study the 
'conditional probability martingale' derived from F and use it to show 
that F has enough smoothness to apply the Ito formula later in the 
paper. In Section we obtain the asymptotic behavior for F as q /* 1 
and the stochastic representation mentioned above. Finally, in Section 
El we apply Ito's formula to derive the partial differential equation for 
F. 

2. Chordal SLE in a half-strip 

Denote B t a standard 1-dimensional Brownian motion, k > a con- 
stant, and set Wt = y/KB t . For u in the upper half-plane H denote 
gt{u) the solution to the chordal Loewner equation at time t, 

2 

dt9t(u) = ——^ — — , g (u) = u. 
g t (u) - W t 

The solution exists up to a time T u = sup{£ : min s < t \g s (u) — W s \ > 0}, 
and if K t = {u : T u < t}, then g t is the conformal map from M\K t onto 
H with hydrodynamic normalization at infinity, lini ;e _ +00 <7t(z) — z = 0. 
The stochastic process of conformal maps g t is called chordal Schramm- 
Loewner evolution in HI from B to oo with parameter k, see [IB]- The 
random growing compact K t is generated by a curve t i— > jt with 
7o = -Bo- If « < 4, then 7 is simple, see [21]. We will sometimes write 
7 for 7[0, 00). 
The function 

e iz + 1 

u = cotO/2) = i— — - 

e iz _ 1 

maps the halfstrip HS = {z : < $l(z) < 2n, ^s(z) < 0} onto the upper 
half-plane. We will use u to denote the map as well as the variable for 
the image domain. The sides 

(11) {iy:y<0}, {2tt + iy : y < 0} 

of HS are mapped to the slit {iy : y > 1} C HI and the real interval 
(0, 2%) in the z-plane corresponds to the real axis in the it-plane. Fur- 
thermore, the point 00 in the (extended) z-plane corresponds to i G H 
and the point 00 in (the closure of) HI has the pre-images 0, 2tt G HS. 
If we identify the sides ffTTj) . i.e. iy ~ 2n + iy, then u = cot z/2 is 
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conformal from HS onto HI. In the following we will always assume 
this identification for points in the z-plane. The inverse mapping is 
given by 

. , 1 u + i 

(12) z = -\n 



i u — i 



and we recall the derivatives 

I i 

u'{z) = — csc 2 (^/2), u"(z) = - csc 2 (z/2) cot(z/2). 

We define chordal SLE K in HS from x G (0, 2tt) to as the conformal 
image of SLE K in HI from cotx/2 to oo under the mapping (|12p. This 
definition is natural in light of the characterization of SLE as the unique 
family of measures on non-self- crossing curves which are conformally 
invariant, satisfy a Markovian-type property and a certain symmetry 
condition. 

Remark 2.1. It follows from the Riemann mapping theorem that there 
is a one-parameter family of conformal maps from HS onto HI which 
send to oo and x to co%x/2. Choosing a function other than cotz/2 
from this family would only result in a linear time-change for the SLE 
measures. As we will not be interested in when a particular event occurs 
but rather if it occurs this is of no concern. In fact, we will change the 
time parameter when it simplifies our calculations. 

If the process X is defined by X t = u~ 1 (Wt), then 

(13) dX t = -2 v / ^sin 2 (X t /2) dB t + 2nsm i (X t /2) cot(X t /2) dt. 

Under the random time-change t — ► s with ds = 4sin 4 (X t /2) dt, we 
get 

(14) dX s = -y^ dB s + | cot (X s / 2) ds. 

For this new time parameter, let g s = u^ 1 o g s o u. Then, for each 
zeHS, 

(15) d s g s (z) = Ei(g s (z),X s ), g (z) = z, 
with 

„ . 2u'(x) 2 _ sin 2 (z/2) 

~ u'(z)[u(z) -u(x)] " ~sin 4 (a;/2)[cot(^/2) -cot(x/2)]" 

Note that the vector field Si(-,x) has a pole with residue 2 at x. E is 
the variation kernel of the Riemann sphere expressed in the coordinate 
u, see • The variation kernel is a reciprocal differential (holomorphic 
vector field) in z — this explains the u'-term in the denominator — and 
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a quadratic differential in x — which explains the ■u / (x) 2 -term in the 
numerator. 

Remark 2.2. The solution X s to the SDE (JTljl is a Bessel-like process 
on the interval (0, 2ir). At the boundary points it behaves like the 3- 
dimensional Bessel process, see [T^]. In particular, with probability 1, 
X s never leaves (0, 2ir). 

3. SLE VIEWED IN AN ANNULUS 

For a real number a < 0, cot(z/2) maps the rectangle 
Ra = {0 < fft(z) < 2tt, a < S(z) < 0} 
onto M\C a , where C a denotes the disk 

2q_ 
1-q 2 



{u: 



.1 + 5 
u — i- 



^ 1 l2>' 4 



This doubly connected domain is conformally equivalent to the annulus 

A q = {q< \z\ < 1}, 

the image of R a under the map z i— > t> = exp(— zz). 

For £ > 0, suppose that K s = n _1 (/C s ) C i? a . Then v(K s ) C and 
the doubly connected domain is conformally equivalent to a 

unique annulus A q i. If a' = lng', then a < a' < 0. Furthermore, there 
is a unique conformal map h s : A q \v(K s ) — > A q > with h s (l) = 1, see 
p. Set f s = v~ l o h s o v. Then f s maps R a \K s onto _R a ', fixing 0, 27r. 

To describe the time evolution of f s we need to use elliptic functions. 
Denote ( the Weierstrass (^-function with periods 2tx, 2ia, i.e. 

(16) C(z) = ({z\a) = ^z + ± cot^/2) + 2 sin nz, 



n=l 



where 

-,2n 



(17) , = , 2^ 



nq 

- q 2n 



n=l 

see [T2I - C is regular in the entire z-plane except for poles with residue 
1 at the lattice points 2mr + 2mia, n,m G Z. £ is an odd function and 
£(7r) = 77. For each a; G (0, 27r), a < 0, define the vector field E 2 (-,x) 
by 



12(2, x) = E 2 (z, x\a) = 2 



((z -x)--z + C(x) 

TT 



(, 7], and S 2 all depend on a. We will use a in the notation if any 
ambiguity as to the particular value of that parameter could arise. 
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Proposition 3.1. The vector field E^^x) (i) is regular except for poles 
with residue 2 at the points of the shifted lattice {2n7c +x+2mia : n,m £ 
Z} ; is periodic with period 2ir {i.e. S 2 (^,x) = S 2 (z + 2ir,x)), (Hi) 
vanishes at z = 0, and (iv) has constant imaginary part +i, —i on the 
lines {^${z) = a}, {Q(z) = —a}, respectively. 

Proof. Property (i) follows immediately from the properties of (, and 
(ii), (iii) follow by inspection from (|18p. Next, if ^s(z) = 0, then 

^(E 2 (z + ia, x)) 

= ^s(cot((z + ia — x)/2)) + 4> — ^(sinn^ + ia — x)) 



1 — a 2 

(19) = j-± r --2y 9 n cosn(2-x) = l, 

1 — 2q coslz — x) + q z 

v ' n=l 

where the last equality follows from a well-known identity for Cheby- 
shev polynomials, see 0. Similarly, 3(H 2 (z — ia,x)) = —1 if $s(z) = 
0. ' □ 



n=l 
oo 



For chordal SLE K in H from to oo, and A < 0, set 

T A = mi{s :K s nC A ^ 0}. 

If k < 4, then 7 is almost surely a simple curve and thus K t = j[0,t\. 
In particular, for k < 4, T A = 00 if and only if 7 n CU = 0. On s < T A , 
let a = a(s) be defined as the unique a such that 

h s (g s (R A \K s )) = R a . 

Then a(0) = A and a(s) > a(t) if s > t (for an integral expression for 
a(s) — a(t) see [T3] ) . Set 

A* = lim a(s). 

s/T A 

Then A* < and A* = if and only if < 00. The last statement 
holds with probability 1 and is a consequence of the fact that a.s. 
7 S — > 00 as s —>■ 00. We now change the time parameter from s to a and 
write 7 a , X a , <? a , and ft^.a for 7 s(a) , X s(a) , # s(a) , and h s{a) . We include 
A in the subscript of h to keep note of the fact that the definition of h 
depends on A (or rather R A ). Then j[A, a] = j[0, s]. 

Theorem 3.2. For A < a < A* we have 



d s a = h' Aa (X a ) 2 
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and 

h' Aa {z) 

(20) d a h Aa (z) = E 2 (h Aa (z),h A<a (X a )\a) - E t (z, X a )—^——. 

Proof. Set fA, a — hA, a ° 9a- Then fA, a is the unique conformal map 
from R A \y[A,a] onto'/?, with f A , a (0) = 0. By [B], 

(21) d a f A , a {z) = E 2 (f A , a (z), Y A , a \a), 

where Y A a = h A a (X a ). Note that Y A ,a is the image of the tip of the 
slit j[A, a) under f A ^ a , i.e Y Aa — ^ m z^-y a f A ,a( z )- Also, it is clear from 
the mapping properties of f A , a that the left-hand side of (|2*T|) is zero 
at z = and has constant imaginary part 1 if Q(z) = A. Next, by the 
chain rule 

d a h Aa (z) = d a f Aa (~g;\z)) + (f Aa )\~g~\z))d a ~g-\z). 
Since d a g~ 1 (z) = -(g- 1 )'(z)(d a g a )(g- 1 (z)), we get from (jnj) 

d a g-\z) = -(g- 1 )'(z)E 1 (z,X a )^. 



Hence 



3s 

d a h A , a (z) = E 2 (hA, a (z),hA,a(X a )\a) -Ei(z,X a )h' A>a (z)—, 

and 

do 

(22) d s h s (z) = E 2 (h A , a (z), h A , a (X a )\a)— - E 1 (z,X a )h' Aa (z). 

OS 

To determine da/ds we note that the domains g s {RA) change smoothly 
because Ei(z,x) is smooth away from x. The map h s can be written 
explicitly in terms of domain functionals, namely the harmonic mea- 
sures and their conjugates. By Hadamard's formula for the variation of 
domain functionals under smooth boundary perturbations, see [213 ; ^ 
follows that d s h s (z) extends continuously to the boundary. In partic- 
ular, the residues of the two terms on the right in (J22|) have to cancel. 
The residue of the first term is 2{daj ds) / h' A a {X a ) , the residue of the 
second 2 h' A a (X a ). The theorem now follows. □ 

We will now draw a number of conclusions from (f2*U|) . To simplify 
notation, we will indicate differentiation with respect to a by •, and 
suppress the subscripts a, A when convenient. 



Corollary 3.3. On [A, A*) we have 
(23) k(X) = 2 \((h(X)) - lh(X) 

L 7T 



h"{X) cot(X/2) 

h'{xy h'(x) 
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and 



(24) 



d{h(X)) = -V« d£ + 2 \((h(X)) - -h(X) 

l IX 



da 



«-6 r/i"(X) cot (A/2) 
2 U'(A) 2 + a'(A) 



da. 



Proof. Taking the limit z — > A a in (|2*U|) gives (|23|). The calculation is 
done by Taylor expansion. By an appropriate version of Ito's lemma 

usd, 

d(/i(A)) = a(A) da + h'(X) dX + l/2a"(A) dXdX, 
where dXdX is the differential of the quadratic variation. Also, by 

dB k cot (A/2) 



(25) 



dX a 



+ 77 



/z'(A) 2 a'(A)- 



da. 



Now (|2H) follows from (J22J), . 



□ 



Remark 3.4. A time change of the results (|23jl and (}24j) had previously 
been obtained in jU]. 



Denote jp = the Weierstrass p-function 

p{z) = p{z\a) = + - csc 2 (z/2) - 2 V — cos 

7i 4 ^— ( 1 — a 

see [12! Then it; follows from (JUJ) that 



n=l 



- h{X)) + 1 h\z) 



71 - 



ti'(z) sin 3 (z/2) z-X 
esc 



(26) 



+ 



h'(X) 2 sin 3 (A/2) 
h'(z) sm 2 (z/2) 



h! (x) 2 sin 2 (A/2) 



In particular, 
(27) 
so that 
(28) 



h'(0) 



1 2 z-I cos(z/2) z - A 

- CSC ; — — CSC 

2 2 sin(A/2) 2 



p(/i(A)) + 2" fc'(O), 

71 J 



a' (0) = exp -2 / p(a(A 6 )) + I 



71 i 



db 



Note that in the integrand also depends on b, the explicit form of the 
dependence being given in (|T7|) . 
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Corollary 3.5. We have 



- 3cot(X/2) 



fr"(X) 



3cot 2 (X/2) 

2/i'(X) 
/i"(X) 2 4/i'"(X) 



and, for real a, 
d(h'(X) a ) 



ah'{X) a 



h'(X) 2 2h'(Xf 
3cot 2 (X/2) 



+ 



3h'(X) 2 2h'(X) 2 
l + {a-l)Kh"{X) 2 



+ ^—^ cot(X/2) 



3/i'(X) 2 

^(X) 



(29) 



2 

/i"(X) 
^(Xp 



fr'(X) 4 



+ 



2 _/ /i'(X) 3 
k-8/3 h"'{X) 2r]' 
2 /z'(X) 3 ~ ~ 



dB. 



da 



da 



Proof. The first identity follows by taking the limit in (J26J) , and then 
the second follows from Ito's lemma, just as in the proof of Corollary 
13.31 The calculation is tedious but straightforward and is omitted. □ 



4. Conditional probabilities and restriction martingales 

For a simply connected domain D and boundary points p, q, we define 
chordal SLE in D from p to q by conformal invariance from chordal 
SLE in EI from to oo. This is well defined up to a linear time-change. 
Denote Pp^^g the law of chordal SLE in D from p to q, and E,rj, p ~> q 
expectation with respect to Po,p^ q - Then 

Phs,x^o{! C Ra\j[0, s}} = Pe,cot™{7 H C A = 0| 7 [O, s}} 

= E H , cot ™ [1{ 7 [0, s]nC A = 0}l{ 7 [s, oo) n C A = 0}| 7 [O, s}) 
= l{s < T4}E HiCOt ™ [l{g,(rt[s, oo)) n g s {C A ) = 0}| 7 [O, s]] 
(30) = 10 < T A }P Hi ^ s ^ 00 { 7 n g s {C A ) = 0}, 

where is a time changed Brownian motion starting at cotx. We 
note that the last equality follows from basic properties of SLE. Now 
we need a result from 

Lemma 4.1. (Beffara) Let k — 8/3. If K and K' are compact subsets 
of EI such that M\K and M\K' are conformally equivalent, then 

Pe,™{ 7 H K = 0} = Pmm^oc{i n K' = 0} [$'(x)$ , (oo)] 5/8 , 

where $ is a conformal map from M\K onto M\K' with $(oo) = oo 
and $'(oo) = lim^oo l/$'(z). 
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Theorem 4.2. If F(A,x) denotes the probability that chorda! SLE 8 / 3 
in the half strip HS from x to stays in the rectangle R A , then 



sin 2 (X a /2) 



sm 2 (h A , a (X a )/2) 



F{a,h A>a {X a )) 

is a martingale on [A, A*). 

Proof. It follows from (fHUJ) that Pw,w, 
gale on s < T A . Since 

uoh s o U ~ 1 {g s {C A )) ■ 

it follows from Lemma 14. II that 

Pw,w a ^oc{l n g s {C A ) = 0} 
= Pi 

x [(u o h s o u 

= PHS,h a (X a )-^o{l C R a }[(u oh s OU 



h A . a (X a )h'(0) 



5/8 



*oo{7 n # s (Ca) = 0} is a martin- 
C a , a = a(s), 



,uoh s ou- 1 (W 3 )-^oo{l n C a — 0} 



-1 



(00)] 5 / 8 

('(^^(MO^OM- 1 )'^)] 5 / 8 . 

Next, 

(tiofto u" 1 )'^) = //(^(uO) sin 2 ^- 1 ^)^)/ sin^/i^- 1 ^))^). 



If z -- 
have 



u 



then w 



lim 



sin 



2 „ 



/2 



-0 sin 2 (/i(z)/2) 



lim 



00 implies z 
sin2;/2 z 



0. As lim 2 ^ = 0, we 



h(z) 



z h(z) sin(/i(»/2) 



fe'(o)- 



□ 



Since F(A,x) = Phs,x-+q{i C -Ra}, the theorem now follows. 

The martingale in this theorem is a functional of the Markov pro- 
cess X a and the non-Markov process h A ^ a (X a ). Under an appropriate 
change of measure h A)a (X a ) becomes a Markov process Y. This change 
of measure also introduces a drift to the process in Theorem 14.21 and 
we have to multiply by a factor given by Girsanov's formula to obtain 
a martingale under this new measure. The new martingale turns out 
to be a function of Y times an exponential functional of Y. Our reason 
to change measure is that we are able to obtain the asymptotics of this 
new martingale in Theorem 15.61 while it was not clear to us how to 
carry out this step for the original martingale in Theorem 14.21 

To change h A , a (X a ) hito a Markov process we will first remove the 
two drift terms in its Ito decomposition, see ([24)1 . We carry this out in 
two steps to better see how the constituent parts fit together. Finally, 
we perform a third change of measure, which transforms Y from a 
multiple of a linear Brownian motion to a Bessel-type process on the 
interval [0, 27r], a 0-dimensional Legendre process. This last step is 
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natural since it takes the geometry of our setup (i.e. the circle) into 
account, and, more importantly, leads to a multiplicative stochastic 
functional in the martingale replacing the martingale from Theorem 
14.21 whose exponent is an integral with non-singular integrand. 



Proposition 4.3. If k = 8/3, A < 0, and 

2r] 



M. 



A,a 



sin^/2) 



sin 2 (X A /2) 



db 



then M is a martingale with M^ t/ 



7T 

1 and 



5/8 



A < a < A* 



dM 



--^8/3M 



cot(X/2) ti'(X) 
h'{X) + h'{X) 2 



dB. 



Proof. We have 

d[h'(X)sm 2 (X/2)]' 



a [a'(X)sin 2 (X/2)]' 



2r/ 



7T 



cot(X/2) + h"(X) 



dB 



da 



(31) 



+ 



+ 



h'{X) h'(X) 2 

l + (q-l)K h"{Xf 
+ 2 h'(X) A 
1 h"'{X) 



Ah'(X) 2 2h'(Xy 



da 
da 



«(1 + 2a) - 6 



cot 2 (X/2) 
_ 2/i'(X) 2 



+ cot(X/2)- 



da. 



If k = 8/3 and a = 5/8 then all drift terms except for the first vanish. 
Since M is also bounded for a < the proposition follows. □ 

Remark 4.4. If k > is arbitrary and a = (6 — k)/2k, then the drift 
term of d [h'(X) sin 2 (X/2)] a /a [h'{X) sin 2 (X/2)]" reduces to 

— 277/tt da + (k - 8/3)[«S/i(X) - l/2]/2/i'(X) 2 rfa, 

where <S/i = h"'/h' — (3/2)(h" /h') 2 is the Schwarzian derivative of h. 

Denote P the law of the underlying Brownian motion B, and denote 
T a the associated filtration after the time-change t — *■ a. Define the 
probability measure Q by 
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F{a,h A>a {X a )) 



sm 2 (h A , a {X a )/2) 



cxp 



a 2-q 



db 



is a martingale and Y A ,a = h Aa (X a ) satisfies 

dY = -v 7 ^ dB + 2 [c(y) - -y 



7T 



7T 



da. 



5/8 



Proof. The two statements follow from Girsanov's theorem, 
conjunction with Theorem 14.21 Proposition 14.31 and 



in 

□ 



Let 9(x\a) = i &i(x/2tt), where *&i is Jacobi's theta function 



9{x\a) = $i(x/2tt) = + ^ e 



ix(n+l/2)+a{n+l/2) 2 +i-wn 



Then 
(32) 
and 
(33) 



d_ 

da 



6(x\a) 



d 2 



d Ti 
\a.9{x\a) = ((x) — —x, 



dx 2 
O 2 



6{x\a) 



dx 



\n9{x\a) = —p(x) — 



TV 



it dx 2 
see [12!. 

We note that if A* < 0, then A* is the first time that Y, starting at 
Y A at time A < 0, hits {0, 2vr}. If A* = 0, then Y does not hit {0, 2vr}. 



Proposition 4.6. If k = 8/3, A < 0, and 



N Aa 



01 



y 



A ,a 



2tt 



Y a ,a 
2tt 



-3/4 



h' A J0) 1/8 , A < a < A* 



then, under Q, N is a martingale with N AA = 1 and 



dN = -^/8/3N c(y) - -y 

4 L it 



dB. 



Proof. Denoting differentiation with respect to the spatial variable by 
a ' and using (JH2J), we have 



d ^i(y/27r)^] 
/?i? 1 (y/2vr)/ 3 



(34) 



9' 

k- dB 
9 

K 



9" 



K 



o-i hr + 2 + 1-09-1) hr 



0' 



da. 
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The term in brackets can be rewritten as 



1 + 



J 



da + 



Thus for k = 8/3, (3 = -3/4, 



(hi 9)" da. 



,6' 



d ^ 1 (F/2tt)- 3 / 4 ] = dB 



(35) 



1 



- -^(YfayWQnd)" da. 



The proposition now follows from (}3*3*j) and (|28|) . 

Define the probability measure R for a < A* by 

dR 

Proposition 4.7. IfY^ a = hA, a (X a ), then under the measure R, 

9r]' 



□ 



F[a ^ a) sin^(W2) P 



47T 



f/6 



zs a martingale for a < A* and Yj^ a satisfies 



dY = -y/8/3 dB. 
Proof. This is again a consequence of Gisanov's theorem. 
Finally, let 



□ 



N 



A.a 



shr^y/2) 

sin- 1 /2(y 4iA / 2 ) 



cxp 



-1/4 / csc 2 (r A>b /2) db 



It is an easy calculation that — under the measure R — Na,h is a mar- 
tingale on a < A*. If we define the measure R by dR/dR\J-" a = Na,q, 
then we have the following 

Proposition 4.8. Under the measure R the process Y^a satisfies 
dY = -y/8/3 dB - 2/3cotF/2 da, 

and 



M A) a = F(a, Y A , a ) exp 



jf (p(Y A>b ) -^csc 2 (F A , 6 /2)^ db 



, s i - 2 Q 2n + Q 4 " l-2g 2 "cosy A , Q + g 

1 j X 1 = 1 1 - 2Q 2 ™ cos IV + Q 4n ' 1 - 2g 2 ™ + g 4 ™ 

zs a martingale for a < A* with A4a,a — F(A, Y A , A )- 



In 



3/4 
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Proof. It follows from the infinite product representation of $1, see [12], 
that 

(37) = f[(l - g 2 ")(l - 2g 2 " cosy + g 4 "). 



n=l 



Also, 



cxp 



n=l 



1 -Q 2n 

2rT' 



n=l - 9 



and 

1 — 2g 2n cos x + g 4 ™ 
l-2Q 2n cosy + Q 4n 

1 - 2Q 2n + Q An 1 - 2g 2n cos x + g 4n / 1 - g 2n 



1 - 2Q 2 ™ cosy + Q 4n 1 - 2g 2 ™ + g 4n V 1 - <2 2n , 

Now Girsanov's theorem, Proposition 14. 7[ and the explicit expression 
for p show that M. is a martingale. □ 

Corollary 4.9. For any A < a <0, x G [0, 27r] 7 

fm ,) = ( n 1 " 2g2w + g4 " X ^ 

\M 1 - 2Q 2 " cos x + Q 4 " 

1 -2g 2 " cos y A , a + Q 4 " 
x E[F(a, F Ao ) I] i _ 2 g2. + g4 . 

\n=l 

x exp(- jf f p(T) - ~ esc 2 372) 



3/4 



(38) 



(where Ya,a = x), and F(a,x) is C ' as a function of a and x. 

Proof. First, is a consequence of (j3T?j) and the optional sampling 
theorem. Next, x 1— > F(a, 2) is continuous because the chordal Loewner 
equation is continuous as a map from the space of continuous paths 
with the topology of uniform convergence on compacts (the input) to 
the space of conformal maps with the Caratheodory metric (as output). 
See jHj, for a discussion. It then follows from the Feynman-Kac formula 
that the right-hand side of equation (|55|) is C 1,2 , see [Hj. □ 



5. Asymptotic behavior of the non-intersection 

probability 

The stochastic representation of the non-intersection probability 
(a,x) e [-oo,0] x [0,2tt] ^ F(a,x) = Pu, e «^i(7 C A q ) 
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we obtain in this section rests on the asymptotics of F(a,x) as a / 0. 
In particular, this probability decays fast enough to control the limiting 
behavior of the martingale M. from Proposition 14.81 

For each q G [0, 1) there exists a unique L = L(q) G [0, 1) such that 
A q and U\[— L, L] are conformally equivalent. As q increases to 1, L 
increases to 1 as well. Denote / the conformal equivalence, normalized 
by /(l) = 1. For x G (0, n], let z\ = e lx ^ 2 , z 2 = e~ lx l 2 . By symmetry, if 
u>i,2 = 7(21,2), then w 2 = w x . 

In what follows we will mean by h(a) xj(a) as a /* 0, that 

lim log h(a)/ log g(a) = 1. 

Lemma 5.1. For x G (0, it], we have 

1 - L x e£, and |/'(zi)| x |1 - /(^)| x e^*"*) 

as a 0. 

Proo/. From [22 Chap. VI, Sec. 3], 



(UK 

f(z) = Lsn log - + K; q 

\ 7T g 

where sn(^) is the analytic function for which sn'(0) = 1 and which 
maps the rectangle {z : —K < ?R,z < K,0 < Qz < iK'} onto the upper 
half-plane in such a way that sn(±K) = ±1 and sn(±K+iK') = ±k~ l . 
Furthermore, g 4 = exp(— irK'/K), and L = y/k. It is classical that 
sn'(z) = [(1 - sn 2 (z))(l - jfeW^))] 1 / 2 . Thus 

(39) /'(*) = (2ttf/7rz)[(L 2 - f{z)){l - L 2 f{z))] l l\ 

Define h,r by q A = h = e l7TT , and set v — - log — + |. Then it follows 
from ^21 II, 3.], and using that texts notation, that 

L -e 3 (o\ry and f[z) - e (v\ry 

Using linear transformations of theta functions we may write 
fc(0|r) _ *o(0| - J) and 0i(v\t) _ M*\ - j) 



e 3 (0\r) 3 (O|-±)' o (i;|t) - ±) 

Hence, if h' = exp(— in/r), and using the series representation of 9q 
and # 3 , we get 



2E£Li( l) n (^') =1 -4 h ' + ((h') 2 ) 
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which is the first statement of the lemma. For the second, we use the 
infinite product representation of Q\ and 8 2 , giving 



Ol( V r\ 


-I) 




-i) 



2inv/r 



1 TT (1 - (h') 2n e 2i ™/ T )(l - (h!f n e- 2m l T ) 



2 (£| _ i) e ^v/T + X 11 (J + (^/)2n e WW-)(l + (/i')2n e -2i™A) ' 



Since exp(2z7ru/r) = 2 exp(— (7r/4a)(7r — x)), the infinite product is 
1 + 0(exp(vr 2 /(4a))), and 



l + 2ie^- x) +0(e" 2/(4a) ), 



□ 



g2j7ri)/r _|_ ^ 

as a /* 0. Using equation (|HHJ), the lemma now follows. 

Recall that Z\ = e tx ^ 2 , Wi = f(zi), and set u = i(l + Wi)/(1 — Wi). 
The following result can be derived from Lemma f4. 11 However, we will 
give a direct argument. 



Lemma 5.2. The probability -Pu,e i:c ->i(7 C A g ) is equal to 



ft 



l-L 1+L 
1 + L' 1 — L 



5/4 



Proof. Denote 5 a simple curve connecting the inner and outer bound- 
ary of A q , so that B is bounded away from Z\ and z 2 . Denote (f) a 
conformal map from A q \B onto U such that <fi(zi )2 ) = 21,2, and ^ a 
conformal map from f(A q \B) onto U such that ip(wi t2 ) = ^1,2- Then, 
by conformal restriction, 



'/(z 1 )<P\z 2 )\ 5 / 8 , 



(40) C MA*)) = ^'(^2)^(^2) | 5/8 . 

Since T = o / o maps U onto U and sends Wi j2 to Zi <2 , there is a 
pair wq, zq e <9U such that T is the linear transformation given by 

T(w) — Wl W - W 2 _ Z - Zi Zq - Z 2 
T(w) - W 2 Wq-Wi Z - Z 2 Zq - Zi 

A calculation gives 

/ — \ 2 

T'{w 1 )T\w 2 ) -- 



z l — z 2 



Wi - w 2 



which together with = \f'(z 2 )\ implies 

(41) 



11,2:1^2:2 



(7 C A q \B) = Pv, m ^ W2 {l C f(A q \B)) 



f'( Zl )( Zl - Z2 ) 
Wi - w 2 



5/4 
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By an inclusion/exclusion argument, equation (jUj) also holds if A q \B 
is replaced by A q . Finally, by conformal invariance, 



P 



(7 C f(Ag)) = Pw,u^-u (ini 



l-L 1 + L 
l + L'l-L 



□ 



Note that because x G (0, it] we have arg^x, argwi G (0, 7r/2] and so 
u < — 1. We will use the following lower and upper bounds: 

l-L 1 + 



L*h,m- 



7 n 2 



l + L' l-L 



> P H ,u^-«(7 n i(o, = 0) + P H ,«^- U (7 n 00) = 0) 



1 -L J 



1 + L" 



(42) 



Pe,^-„(7 n z(0, ^-^] = 0) + P H ,i-,-i(7 n z(0, \^r) = 0), 

1 — 1/ >u u L — L 



and 

Ph,«-*-« ( 7 n i 



l-L 1+L 



1 + L' l-L 

< Pw,u^-u(i n i(o, ^— ] = 0) + P e (7 n zi±- , 00) = 0) 

L — L 'u u I — L 



(43) 



+ Pwu^-u (7 n i(0, — — ) ^ 0, 7 n z(t^t, 00) ^ 0). 



1 + L' 



For c G M, d > 0, set 

0c,d(«) 



l-L 



V^ 2 + rf 2 . 



Vc 2 + (i 2 

Then g c ^ maps H\z(0, d] conformally onto H such that ^ C; rf(±c) = ±c. 
Furthermore, 

Kd( c Xd(- c )l 



2 • 



(c 2 + rf 2 ) 
and so by conformal restriction 

(44) Pe, c ^- C (7 H i(0, d] = 0) = [c 2 /(c 2 + d 2 )] 5 / 4 . 



Corollary 5.3. VFe /jcwe 
P Hj „(7nz(0,^|] = 0) + P M 
as a 0. 



( 7 n^(O,i^] = 0)xe I 
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Proof. By (JHJ), 

ph^-^o,— ] = ) = ^-L_2j ( 1 + irnf) ' 

and from Lemma f5. II 



u(l -L)\ 5/2 / /n(l-L)^ 2X 



Similarly, 



1+L 7 \ V 1+L 



1+L, 



■)7T.V 

e » a . 



P H ,i_i(7 n i(0, f^] = 0) x e £+i5<— ), 

'u u 1 — L 



so that this term is negligible compared to the first if < x < n, and 
of the same order if x = tt. □ 

Lemma 5.4. We have 

Pu^-u (i n <(o, ^ 0, 7 n oc) ^ 0) x 

as a 0. 
Proof. First, 

Pu,u^-u (i n i(o, ^ 0, 7 n »(^^, oo) ^ 
= Pe,^- U (7 n 2(0, ^ 0) + p h i (7 n 2(0, i^) ^ 0) 

(45) 

- Pm,u^-u (1 n i((o, u 00)) ^ 0) . 

The last probability on the right equals 

Pa ( 7 n((-l,-L]U[L,l))^0). 
To calculate this probability, note that 



1 + w 2 - a/(1 + w 2 ) 2 - Ap 2 w- 



n2„„2 

» " " " 11 \ / \ 1 11 ; 11 

9l(w) 



2pw 

maps U\((-l, —L] U [L, 1)) onto U if 2p = (L + 1/L), see P, Chapter 
3]. Here, the square root is chosen so that g'i(i) = i- Setting w = e l</3 , 
this can be written 



(46) g L {w) 



\cosy + i x l - 4cos 2 <£>, if <p e (0,7r/2]; 



±cos(p-iJl- jzCos 2 ip, if (p e [-7r/2,0). 
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sin 2 ip 



p 2 — 1 + sin 2 ip 



Denote T a (fractional) linear transformation from U onto U sending 
<7l(wi,2) onto wi t 2- Then, as in the proof of Lemma IS~21 



T'(g L (wi))T'(g L (w 2 )) 



sin 2 <p 



1 — \ cos 2 (p ' 



where now ip = argu^. Thus, by conformal restriction, 



(47) P u ,„ 2 ( 7 n((-1,-L]U[L,1)) ^ 0) = 1- 



pSin <£> 



p 2 — 1 + sin 2 ip 



5/4 



Finally, from the definition of u and ip in terms of it follows that 
u = — cot ((p/2) and so 4/ sin 2 93 = (w + 1/u) 2 . A calculation now gives 

p 2 — 1 + sin 2 <£> 



psm <p 



(4£ 



1 + 



1 — L 



1 + L 
On the other hand 



2 J_N (l-^) 4 

U + M 2j + 8(L + L3) 



implies 



2 + 



1 + L 



(« 2 + 



u- 



(49) P H , U __ J 7 ni(0,^— ^ 



and 

(50) P E 



1 + L' 



, 1 L . . 



i + 



1-1 



1 — L 
1 + L 



1 - L 
1 + L 



-5/4 



-5/4 



U 



Combining (gHD, ©, (1471). and (EE5J) . we get 

( /l-L N/rt ,1 + L 

P H>u -*-„ 7 n i(0, — — ) ^ 0, 7 n i(- — -, oo) ^ 



l + L' 



1 -L 



-5/4 



-5/4 
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Using (JIB]), straightforward expansion of the right hand side of (JHTj) 
shows it to be equal to 

JL(i _ L) 4 + — (1 - L) 5 + (1 - L) 4 0(m 2 (1 - L) 2 ). 
256 V ; 128 V ; V ; V V ; ; 

□ 

From the upper and lower bounds ([43)1. (|42|). Corollary 15.31 and 
Lemma (5.41 we get 

Theorem 5.5. For even/ x G (0, 7r] we /lave 

'5irx\ 



(52) 



as a 0. 



F(a, x) x exp 



8a / 



We now combine the previous result and Proposition 14.81 to obtain a 
stochastic representation of F(A,x). 

Theorem 5.6. Under the measure R we have 

sup \M A , a \ < °o- 

a<A* 

Furthermore, if A* = 0, then \im a s A * M. Aya = 0, while if A* < and 
Q* = e A * , then 



lim M A ,a 

a/ A* 



^ 1 - 2Q 2n + Q 4n 
11 i _ on2n ™ c v. .j_n^> 



n=l 



2Q 2n cosY AA + Q 4 

A* 



3/4 



(53) x exp 

Finally, if x = Ya,a, then 

1 - 2Q 2 " + Q 4n 



F(A,x) 



(54) 



p(Y Ab ) - -csc 2 (Y Ab /2) )db 



3/4 



n=l 

x E R 



2Q 2n cosx + Q 4n 

"A* 



exp 



(p(^)--csc 2 (F Afe /2))^ 



A* < 



Proof. That .M is a bounded martingale follows from the limiting be- 
havior as a y A*, which we now establish. If A* < 0, then Y A , A * — 
and ([53)1 follows directly from (|36j). On the other hand, if A* = 0, then 
Y A ,A* 7^ a.s. and it follows from Theorem 15.51 that F(a,Y A)CL ) decays 
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like exp(— cxj (1 — q)) with c = 5n/8, and x = mm{YA,A, 2vr — Ya,a}- 
We will now show that 



1 — 2q 2n cos x + q 



in 



- 2q 2n + q An 



n=l 



3/4 



(55) 



< 



exp 



1-q 



^-|[Li 2 (0 + Li 2 (e- 



where Li 2 denotes the dilogarithm. Set x n = 1 — q 2n , n > 0. Then 
x„ — = (1 — x n )(l — q 2 )/q 2 , and by simple integral comparison, 

oo 2 00 l 

l — o^ : ' 1 — x n 



n=l 



> 



1 n=l 

■ 2 pl lux 



1-q 2 



1 — x 



dx 



7T 2 q 2 



1-q Q(l + q)' 



Thus 

(56) 



n=l 



5 



Similarly, if we set y n = -q 2n , n>0, then y n - y n _i = -y n (l - q 2 )/q 2 
for n > 1, and so 

oo 

£ln(l - 2 9 2n cosa; + <? 



4n\ 



n=l 



g 2 >^ ln(l + 2y n cosx + y 2 ) 



_q_ Y 
1-Q 2 ^ 



(Vn ~ Vn- 



n=l 



< 



q 2 f 1 \n(l — 2y cos x + y 2 



(57) 



i -r 

1-q 2 



(-Li 2 (0-Li 2 (e— )). 



-dy 



Now, (JoTpj) and (|57j) imply (|55|) . It is elementary that 

5vrx > 7T 2 - 3[Li 2 (e ix ) + Li 2 (e" i:c )] 

for x G [0, 7r], with equality holding for x = 0. Thus M. is a bounded 
martingale and ()54|) follows from the optional sampling theorem. □ 

Remark 5.7. Under R, Y is a Legendre process whose boundary be- 
havior is that of a O-dimensional Bessel process, i.e. and 2ir are 
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absorbing, see [2Bj- It can also be interpreted as the driving function 
of a radial SLE(/c,p). By (J3ZD , 



n r 

n=l 



i - 2g 2w + g 

-2Q 2n cosx + Q 4 ™ 



is the quotient of y i— > $i(y/27i)/ sin(?//2) evaluated at y — and at 
y = x. Also, 

-a* 



exp 



- jf f pQ^,«) - | csc 2 (r Aia /2)^ da 



(5f 



0*_ 
Q 



1/12 



exp 



— (1 - cos nY A a ) da 

1 — q zn 



Remark 5.8. Obviously, P(a, x) = E p [l, A* < 0], where P is the orig- 
inal SLE-measure under which Y = h(X) is the non-Markov process 
satisfying equation (j24)l . Thus the price we incur for switching to a 
Markov process representation is an exponential functional. We note 
that this exponential functional can be given an interpretation using 
the Brownian loop soup. 

6. The Partial differential equation 

It follows from Corollary 14.91 that F(a,x) is smooth enough in (a, x) 
to apply Ito's formula, and we have 

Theorem 6.1. IfG(a,x) = F(a, x)^ 1 (x/2n)^ 4 sin- 5/4 (x/2), then 

(59) -d a G = V - (p(x) + G. 

Furthermore, F(a, x) is the unique solution to the evolution equation 



-d a F = -F» + 
(60) 



2r] 



71 



5 x 
- cot — 
3 2 



F' 



+ 



x 



X 



— CSC" i cot - 

16 



C(x) - ^x] + p(x) + ^ 

7T J 71 



5 

12 



for (a,x) G (— oo,0) x (0, 2tt), and with initial condition 

lim P(a, x) = 1, 

a\— oo 

and boundary condition 

P(a,0) = P(a,27r) = 1. 
Finally, the solution F is symmetric, F(a,x) = F(a,27i — x) 



2(> 
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Proof. The partial differential equation for G is a consequence of Theo- 
rem l4.7l and Ito's lemma. The equation for F follows from the equation 
for G. Finally, that F(a, 0) = 1 is clear and it is also known, for exam- 
ple by considering the Hausdorff dimension of the SLE 8 / 3 curve, that 
lim a ^_ 00 F(a,x) = 1. □ 

We now briefly discuss the case q \ 0. As we could not find stronger 
convergence results for PDEs such as (jHOj) in the literature we can only 
establish the rate in a weak sense, see Remark 16.41 

Using the formulas for (, rj, and p, we can write (|5Uj) as 



-d a F = V' 



r> 00 2n 

2 . ^ q zn 



cot(x/2) +4^ — : — — sin nx 



F' 



OO 



5 g 2n 

(61) + - — [n(l + cosnx) — cot(x/2) sinnx] • F. 

2 n =2 1 ~ q n 

In particular, the coefficient of the zeroth-order term is nonsingular in x 
and vanishes for x — 0. We note also that the summation in the zeroth- 
order term begins with n = 2 because (1 + cosx)/ sinx = cotx/2. 

To guess the behavior of F as q \ we consider the PDE obtained 
by setting q = in (JBTj) . 

(62) -d a H = 4/3 H" - 2/3 cot x/2 H' . 

Then fl61j) is a perturbation of ()62)1 if q is small. If we replace H by 
1 — H, then 1 — H satisfies the same equation. We consider the mixed 
initial-boundary value problem for ()62j) where 
(63) 

lim H(a,x) = 0, for x G (0,2tt), and H(a,0) = 0, for a e (— oo,0). 

The solution should describe the asymptotic behavior of Pa,catx-+oo{l^ 
C a 7^ 0} as a — >• — oo. 

Proposition 6.2. T/ie solutions to the mixed initial- boundary value 
problem (|62 |) . (j63|) are given by 

H(a,x) = cg 2/3 sin 2 x/2, 

/or an arbitrary positive constant c. 

Proof. This follows easily from separation of variables. □ 

Remark 6.3. The exponent 2/3 is as expected. It is a special case 
of the "first moment estimate" given in jjj, where it is shown that the 
Hausdorff dimension of SLE 8 / 3 is 4/3. 
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It is clear from the form of the equation (jfi2|l and the initial-boundary 
value conditions that multiplication of a solution by a constant gives 
another solution. For the full equation (|61|) this is not the case. The 
corresponding equation for 1 — F has the same initial and boundary 
value conditions as (jUHj) but the equation is no longer homogeneous. 

Remark 6.4. The Galerkin approximation, see |TT], for (or rather 
for the inhomogeneous equation satisfied by 1 — F), using the orthonor- 
mal system sin((2/c — l)x/2), k = 1, 2, . . . , gives as first approx- 

imation to 1 — F 

oo 

7r-Vy/ 3 (l _ g 2)l/2 "Q (1 _ g 2n )5 /4 sin(x/2 ). 
n=2 

It is a weak solution of the equation for 1 — F when testing against 
the 1-dimensional space spanned by w\. For larger subspaces the sys- 
tems of ODEs the Galerkin approximation gives rise to, did not appear 
tractable to us. 
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